Abstract. We study models of quartic inflation where the inflaton field φ is coupled nonminimally to gravity, ξφ 2 R, and perform a study of quantum corrections in curved space-time at one-loop level. We specifically focus on comparing results between the metric and Palatini theories of gravity. Transformation from the Jordan to the Einstein frame gives different results for the two formulations and by using an effective field theory expansion we derive the appropriate β-functions and the renormalisation group improved effective potentials in curved space for both cases in the Einstein frame. In particular, we show that in both formalisms the Einstein frame depends on the order of perturbation theory but that the flatness of the potential is unaltered by quantum corrections.
Introduction
Many successful models of cosmic inflation exhibit a non-minimal coupling between matter fields and gravity [1] . One particularly appealing model is the one where the Standard Model (SM) Higgs boson acts as the inflaton field [2] , and where the non-minimal coupling between the Higgs field, Φ, and gravity is of the form ξΦ † ΦR, where R is the Ricci scalar. While at tree-level the model predicts values for the spectral index of the primordial curvature power spectrum and tensor-to-scalar ratio which are in perfect agreement with observations of the Cosmic Microwave Background radiation spectrum (CMB) [1] , quantum corrections tend to make the scenario more complicated.
The first issue arises from the fact that for the best-fit values of SM parameters measured at the Large Hadron Collider (LHC), the SM potential is not stable up to the energy scales where inflation is to occur [3] [4] [5] . Another issue is the claimed violation of perturbative unitarity at scales relevant for inflation [6] [7] [8] [9] [10] [11] . Both of these issues have been addressed in a number of works during the recent years, for example in Refs. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Besides these matters being of significant theoretical interest, the quantum corrections can result also in other observable consequences such as primordial black holes (PBHs) which can provide a component of dark matter [25, 26] . Inflationary PBH production generally requires a large peak in the primordial power spectrum at small scales. This feature can be present for example in models of single field inflation with tuned potentials possessing inflection points or shallow local minima [27] [28] [29] [30] [31] [32] [33] [34] , see however Ref. [17] which contested the results of Ref. [28] . The PBH abundance is exponentially sensitive to the height of that peak if the overdense patch enters horizon during radiation dominance [35] , thus even a small modifications to the potential could significantly alter the PBH abundance. Knowing the effect of quantum corrections is therefore important not only for determining whether the Higgs field can be responsible for inflation but also for other phenomena, such as the origin of dark matter.
The Higgs inflation is arguably the most minimal scenario where inflation can be realised. However, most authors have studied inflation only in the usual metric formalism, where one assumes not only a non-minimal coupling to gravity but also the Levi-Civita connection, which is uniquely determined by the space-time metric g µν . At first, this might not look like an extra assumption, given that we are accustomed to using it in the context of the theory of General Relativity (GR), which we know to describe gravity very well not only at the distance scales within our Solar System but also at cosmological scales relevant for large scale structure formation. However, there is no a priori reason to assume the Levi-Civita connection -the connection Γ can be treated as a free parameter. This is known as the Palatini formalism.
In the context of GR the metric formalism coincides with the one of Palatini, as minimising the Einstein-Hilbert action with respect to the connection uniquely fixes it to be of the Levi-Civita form, Γ = Γ(g µν ). In more general models, however, especially in the ones involving matter fields that are non-minimally coupled to gravity, these two formalisms lead to two inherently different gravitational theories [36] . In particular, this means that inflationary models with non-minimal couplings to gravity cannot be characterised just by the scalar field potential, but also the fundamental gravitational degrees of freedom need to be specified, as was originally pointed out in Refs. [37, 38] , and recently studied in [39] [40] [41] .
The effect of quantum corrections on inflation has been studied extensively in the past, for recent works see for example [42] [43] [44] [45] [46] [47] [48] and [15, 20, [49] [50] [51] [52] [53] for Higgs inflation specifically. The effect of quantum corrections to models of Palatini inflation has been considered in [39, 41] . In the case of Palatini gravity, however, previous studies have assumed a specific form of the quantum corrections [39, 41] . Hence, there is an important question which has not been discussed in the literature before: calculating, from first principles, the effect of quantum corrections on inflation with a non-minimal coupling to gravity in the Palatini formalism. Furthermore, when quantum corrections are included, it remains to be verified that it is possible to support a sufficiently long period of inflation and obtain the correct, almost scaleinvariant spectrum of perturbations. These questions we aim to explore in this paper, by using the specific example of quartic inflation as a representative case.
The paper is organised as follows: In Sec. 2 we review inflation with a non-minimal coupling to gravity at tree-level in both metric and Palatini formalisms. In Sec. 3 we perform a general analysis of quantum corrections in curved space-time in both metric and Palatini formalisms, focusing for simplicity on the λφ 4 theory with a non-minimal coupling to gravity. In Sec. 4 we present our results and discuss the implications of quantum corrections on different models of inflation. We summarise our key conclusions in Sec. 5.
Our sign conventions are (+, +, +) according to the classification of [54] .
Inflation with a non-minimal coupling to gravity
We begin by comparing a generic model of cosmic inflation with a non-minimal coupling to gravity in the metric and Palatini cases. In both cases, the Jordan frame action reads
where M is an arbitrary mass scale, R µν is the Ricci tensor, ξ is a dimensionless coupling constant, φ is the inflaton field, g µν is the metric with g its determinant, and Γ is the connection. In the metric formulation Γ =Γ, with
the Levi-Civita connection. In the Palatini formalism both g µν and Γ are treated as independent variables. It is only assumed that the connection is torsion-free, Γ λ αβ = Γ λ βα . In GR the equation of motion for the connection imposes Γ =Γ and hence renders the two formalisms equivalent. Despite this fact, for modified theories of gravity, especially with non-minimally coupled matter fields, this is generally not the case [36] . Because of that, models of cosmic inflation in the Palatini and metric formulations are intrinsically different, as originally discussed in Ref. [37] . The Palatini formulation swaps one theory for another [55] , and this is exactly what we will see: the Einstein frame potentials (where the non-minimal couplings vanish) for the two formulations will be different. As we will show, this also means that the quantum corrections and their possible consequences are different for these two cases.
The non-minimal coupling in the Jordan frame action (2.1) can be removed by the following conformal transformation,
where M P is the reduced Planck mass. Notice that, in general, the scale M may differ from M P . With this, we obtain the Einstein frame action
where f = 1 (f = 0) in the metric (Palatini) case. Because in the Einstein frame the connection appears only in the Einstein-Hilbert term, the equations of motion guarantee that the Ricci tensor can be expressed as a function of the Levi-Civita connection. 1 Thus we can impose the on-shell relationΓ = Γ. The non-minimal Palatini formalism is hence equivalent to using a Jordan frame action (2.1) with the Einstein frame Levi-Civita connection. With a suitable field redefinition φ = φ(χ), determined by
the kinetic terms can be brought to the canonical form. The action (2.4) then becomes 6) where
From now on we will focus on a specific form of the Jordan frame potential, namely, one with the leading contribution as
In this model inflation takes place at large field values for which the Einstein frame potential develops a plateau if Ω(φ) ∝ φ 2 . For (2.3) it is realised when φ M/ √ ξ. The lower order terms in the potential may induce a vacuum expectation value for the field φ, which we assume to be much smaller than the scale M/ √ ξ. In terms of the canonical field, the large field Einstein frame potential reads 2
in the metric and Palatini cases, respectively. At high field values, that is for χ M P in the metric case, or χ M P / √ ξ in the Palatini case, the potential tends to a constant exponentially fast.
In slow-roll approximation the inflationary dynamics is characterised by the slow-roll parameters 9) and the total number of e-folds during inflation
where the field value at the end of inflation, χ f , is defined via
The large N expansion of the spectral index, n s 1 − 2 + ∂ N ln , and tensor-to-scalar ratio, r 16 , reads
Knowing the amplitude of the curvature power spectrum, U (χ i )/ (χ i ) = (0.027M P ) 4 [59, 60] , relates the non-minimal coupling to the number of required e-folds and the quartic selfcoupling strength of the inflaton as
For instance, λ 0.1 and N = 60 require ξ = O(10 4 ) in the metric case and ξ = O(10 9 ) in the Palatini case.
The numerical values for N = 60 are n s = 0.968 and r = 3 × 10 −3 (metric), r = 4 × 10 −14 /λ (Palatini). Both results are in good agreement with the state-of-the-art results n s = 0.9677 ± 0.0060 (68% confidence level) and r < 0.12 (95% confidence level) [1, 61] . In the metric case the predicted tensor-to-scalar ratio is within the reach of planned future experiments such as LiteBIRD [62] , but unless ξ < ∼ 1 (in which case there would also be corrections to the above approximations), the tensor-to-scalar ratio in the Palatini case is too small to be within the reach of any future experiment. 2 We use the asymptotic boundary condition
exp (cχ/MP) when solving (2.5), where c = 1/ √ 6 in the metric and c = √ ξ in the Palatini case. 3 In the Palatini formalism |η| = 1 occurs actually earlier than = 1. However, the moments when |η| = 1 and = 1 are separated only by approximately one e-fold, so as a good estimate one can use the slow-roll approximation down to = 1.
Quantum corrections in curved space
We now turn to discuss quantum corrections in curved space-time. First we derive the effective potential in curved space, and then consider its renormalisation group improvement. For related work discussing similar issues see for example Refs. [46, [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] .
We will consider only the contribution from the quantum fluctuations of the scalar field. We will be interested in the "leading log" results, so we only include logarithmic contributions in the ultraviolet limit. These are the only relevant contributions for determining the specific form of the operators generated by quantum corrections and their renormalisation group running, which will be addressed in the next section. Such approximations are often made in works investigating similar issues [15, 43-45, 47-49, 52, 53] . In this section we do not specify the Jordan frame potential, making the derivation of this section applicable to cases beyond the quartic form (2.7).
Having brought the Jordan frame action (2.1) into the canonical form (2.6), let us now focus on the minimally coupled scalar field in a curved background. It is described by the action
For a simple scalar field in the one-loop approximation the quantum corrected energymomentum tensor and equation of motion can be derived without a need for more sophisticated approaches. We start by splitting the field into its expectation value and a quantized fluctuation, χ ≡ χ +χ. To one-loop order the equation of motion for the mean field χ and the fluctuationχ can be derived by first expanding the action up to the quadratic order
where χ ≡ χ is the classical field and we defined the effective mass 4
The linear term is omitted as it is higher order: its expectation value vanishes at all orders since χ = 0 by construction. To find the effect of quantum fluctuations we need to solve the one-loop equation of motion for the quantum field
4)
4 In case of multiple fields the mass matrix reads (m 2 )ij ≡ ∂ 2 U/∂χ i ∂χ j . After a change of variables χ i → φ i the mass matrix can be written as
where ∇i is the covariant derivative, Γ
are the Christoffel symbols corresponding to the field space metric γ ij = δ lm (∂φ i /∂χ l ) (∂φ j /∂χ m ). The mass matrix (m 2 )ij is defined for a specific choice of variables -the canonical variables. The generalisation to curved field spaces, that is to non-canonical kinetic terms with general γ ij , is given by the covariant mass matrix (m 2 )
depends on the choice of variables, Tr(f (m 2 )) does not (f is an arbitrary function). Moreover, Tr(f (m 2 )) = Tr(f (m 2 )).
In order to derive the leading running logs in curved space we define a properly normalised ansatz that can be used for solving the UV behaviour in any background, which resembles very much the adiabatic mode frequently used in the context of quantum field theory in curved space and in particular the technique of adiabatic subtraction [73, 74] . However in contrast to an adiabatic expansion, we emphasise that at no point will we expand around small H, as in general this is not allowed during slow-roll inflation.
Following the steps and notation of [75] , the one-loop modes in cosmic time ds 2 = −dt 2 + a 2 dx 2 can be defined aŝ
where we have analytically continued the spacetime dimensions to n in anticipation of dimensional regularisation. After inserting (3.5) into the (one-loop) equation of motion (3.4) for the fluctuation one gets the following equation for W ,
We can now solve for W from (3.6) iteratively as an expansion in terms of large k/a. The first few orders may be written as
In order to obtain all the generated divergences -and hence the running logarithms -the O(k −2 ) corrections are not required. From now on, for simplicity, we will only consider the quantum corrections in pure de Sitter space. As the quantum contribution is expected to be small, neglecting the slow-roll corrections to the quantum corrections introduces a negligible error.
Effective energy density in curved space
The one-loop contribution to the energy-momentum tensor is by definition
The results (3.5), (3.7) from the previous section then yield the energy density
with the understanding that only the divergences and the running logarithms are to be included in the end result. After some algebra we obtain the unrenormalised result
where the ellipses represent finite terms. The divergences have been included in the definition of the renormalisation scale logμ = log µ − (n − 4)
where µ is finite and arbitrary. Evidently the quantum corrections introduce a term mixing the curvature and the potential despite the fact that we initially performed a Weyl scaling to remove any such terms from our tree-level Lagrangian in Sec. 2. Specifically, in order to remove the divergences generated by the loop correction we need to introduce the following counter terms
and, for constant field configurations, the counter terms for the energy density are therefore
where G 00 is the 00 component of the Einstein tensor. Thus, with the choices
we can simply setμ → µ in (3.10).
Effective field equation in curved space
Variation of the action (3.2) with respect to the field leads to the quantum corrected equation of motion
For a constant mean field χ the quantum corrected equation of motion (3.15) reduces to finding the minimum of the effective potential, whose one-loop approximation reads
We can then proceed as in the previous section and calculate the one-loop contribution as d dχ
By using the counter term action we introduced in (3.12) one generates counter-terms for the equation of motion as
from which it is easy to see that the counter terms δc ξ and δc λ previously derived for the energy density in (3.14) also renormalise the equations of motion, formally asμ → µ. This is of course demanded by consistency, but nonetheless, as we will discuss in the next section, it leads to an important conclusion regarding the form of the quantum corrections that is not widely appreciated in literature. We note that a very similar approach for deriving the quantum corrections was used in [76] in the context of the electroweak vacuum instability during inflation.
Form of the one-loop corrections
The derivation of both the effective energy density Sec. 3.1 and the effective field equations in Sec. 3.2 imply that operators of the form m 2 (χ)R and m 4 (χ) , (3.19) are generated by loop corrections despite their absence at tree-level. The results of the previous two sections correspond to the renormalised effective action
It is straightforward to show by varying the above quantum correction and including only the leading logarithms that it reproduces the quantum corrections for the energy density and equation of motion for χ, given respectively in (3.10) and (3.17) . The effective action (3.20) is consistent with results in earlier works using different approaches, see for example [67, 71] and references therein. We stress that for a generic theory of inflation R m 2 (χ). Neglecting curvature in the loop corrections thus neglects the dominant quantum contribution and therefore approximating quantum corrections via flat space field theory is in many cases not sufficient.
In addition, we emphasise the unavoidable emergence of the m 2 (χ)R term in both the metric and Palatini formulations. It is significant since if one were to remove this contribution via a tree-level Weyl scaling, it re-surfaces at one-loop order. This term cannot be removed from (3.20) by making use of the tree-level Friedmann equation and expressing R in terms of the field χ, as this would lead to inconsistencies in the field equations. We can conclude that the non-minimally coupled form of the tree-level action will unavoidably be spoiled by the one-loop corrections. Maintaining a minimally coupled effective action requires an additional Weyl scaling that removes the quantum generated pieces mixing inflaton and curvature. Furthermore, higher orders in the loop expansion presumably generate additional non-minimal terms. The Einstein frame therefore depends on the order of perturbation theory.
The fact that the operators (3.19) are included by the quantum corrections implies that they will be generated via renormalisation group running. This then means that there will be non-trivial β-functions associated with them. The β-functions are universal and hence independent of the used regulator. Their generation and existence is therefore unavoidable, which we will address next.
Renormalisation group improvement and β-functions
Now we may proceed to the main new results of this work, which come by calculating the renormalisation group improved effective potential in curved space both in the metric and Palatini formulations.
The non-minimally coupled quartic inflation corresponds to exponential Einstein frame potentials given in (2.8). Eq. (3.20) shows that theories with such potentials are inherently non-renormalisable: in order to cancel the divergences generated by quantum corrections it is necessary to introduce operators not present at tree-level. Nevertheless, the Einstein frame effective potentials (2.8), and hence the quantum corrections, contain an exponentially small parameter at the large field limit, which provides a natural small quantity one may use for an expansion in the effective theory sense.
We assume that the theory is indeed well-defined as an effective field theory, as is often done [15, 49, 50] . In that case all successive quantum corrections are appropriately suppressed and a valid expansion may be formed. Up to some given order of truncation, we can then renormalise our model order by order as for a renormalisable theory. The leading contribution is generated from the one-loop effective action (3.20) . More precisely, we expand the treelevel potential in the small dimensionless quantity δ and the curvature scale
where δ is defined as
Note that in terms of the Jordan frame field δ = M 2 /(4ξφ 2 ). In the end of the calculation the free parameters in (3.21) will be matched to the physical ones given by (2.8).
As the renormalisation scale µ is arbitrary, the physics should not depend on it. The effective potential thus has to satisfy
This requirement leads to the well-known Callan-Symanzik (CS) equations for the effective potential [77] 24) where the c i stands for all the parameters of the action (including ξ E ) with summation over the repeated index i assumed. Using the CS equation for solving for the β-functions is a simple exercise. Although, in general, it requires the field anomalous dimension γ as an input, for our theory one has γ = 0 at one-loop [49] . Hence the effective potential (3.20) implies the following one-loop CS equation
which by using (3.21) leads to β c 0 = β c 1 = β c 2 = 0 and
In (3.26) the λ and ξ couplings are the ones introduced in the Jordan frame and are constant. This is a manifestation of the fact that the quantum correction (3.20) is entirely made of operators not present at tree-level (2.8) or, in the parametrisation (3.21), the β-functions for c 0 and c 2 vanish. The leading quantum correction can from Eq. (3.21) be seen to come from ξ E which can be solved to run as 5
where we have implemented the choice ξ E (µ 0 ) = 0. Finally, by using the standard approach for renormalisation group improvement [77] , we optimise our loop expansion by exploiting the µ-independence of the result and choose the scale µ in such a way that that the logarithm in the loop correction of (3.20) vanishes. So, we make the choice 28) which allows us to write the one-loop RG improved effective potential in the large field regime to the lowest order in the expansion in δ in a very simple form
Again, the conformal transformation 30) removes the 1-loop induced non-minimal coupling. To the lowest order the kinetic term of χ remains intact, and the Einstein frame effective potential is U eff,E (χ) = U eff (χ)/Ω(χ) 2 , which by expanding in δ 1 and ξ E 1 gives
We emphasise the scale µ in (3.27) is to be chosen as (3.28) . Note that the leading order correction can also be obtained by simply plugging the tree level Friedmann equation R = 4U/M 2 P into (3.29).
To the best of our knowledge the curved space RG improved effective potential (3.31) has not previously been calculated in the context of inflation with exponential potentials in particular in Higgs inflation, in neither the metric nor Palatini frameworks.
Results
An important feature of the quantum corrections that is sometimes underestimated in the literature is the generation of a non-minimal coupling for the tree-level Einstein frame action. In fact, during inflation this gives rise to the dominant quantum correction as is explicitly seen in the RG improved potential (3.31). The Jordan frame couplings ξ and λ, on the other hand, do not run at one-loop.
The running of the regenerated non-minimal coupling (3.27) seems to indicate that the quantum corrections in the metric case seem to be suppressed by a factor of 1/ξ when compared to the metric case. This does not hold during inflation, however, and the corrections to inflationary observables are of the same order in both cases. The reason for this is that the scale of quantum corrections can be directly related to the observed magnitude of inflationary perturbations, which imply U/ = (0.027M P ) 4 . Explicitly, from Eqs. (2.8) and (2.9) we obtain that U/ ∝ λ/ξ 2 in the metric case and U/ ∝ λ/ξ in the Palatini formulation. This parametric dependence matches the one of the running non-minimal coupling (3.27) . Moreover, when expressed in terms of inflationary parameters, Eq. (3.27) will be identical in both the metric and Palatini formulation:
where in the last line we assumed N = 60. This equivalence is derived from the tree level inflationary predictions derived in Sec. 2, which is justified when the effect of quantum corrections on inflation is negligible. The smallness of the quantum corrections to inflation is already implied by Eq. (4.1), but to make a direct estimate of their size let us set ξ E to zero at the end of inflation, ξ E (χ = χ f ) = 0. Then, 60 e-folds before the end of inflation ξ E (χ = χ i ) 5 × 10 −13 in the metric case and ξ E (χ = χ i ) 4 × 10 −18 / √ λ in the Palatini case. In both cases the absolute relative effect of the running ξ E on both n s and r is 10 −10 . These corrections can thus be safely neglected, as they are several orders of magnitude smaller than the errors induced by using the slow-roll approximation. The smallness of the quantum corrections is, however, not surprising, since quantum corrections to an exponentially flat Einstein frame potential such as (2.8) are expected to be small [46] .
Conclusions
In this paper we studied quantum corrections to single field inflation non-minimally coupled to gravity. We performed a comparison between results obtained in the usual metric approach to gravity and the Palatini formalism where the connection is initially treated as a free variable. We presented a simple derivation based on first principles of the one-loop quantum effective potential on a homogeneous and isotropic background, valid for general potentials. The calculation was performed in the classical Einstein frame where the non-minimal coupling between the scalar curvature of gravity and the inflaton field is removed via a Weyl scaling of the metric. Nevertheless, as our calculation verified, in both cases the quantum corrections mix curvature and the scalar field and a non-minimal coupling is regenerated at one-loop. Specialising to quartic self-interactions we derived the leading approximation for the RG improved effective potential in both formalisms along with the respective beta-functions. It was shown that the quantum corrections to inflationary predictions are negligible, of the order of 10 −10 for both cases. Specifically, the tree level large N expansion (2.11) remains intact.
Quantum corrections to inflation have been calculated in many models and approaches over the years and in this framework our results follow familiar lines: the flatness of the potential is generically not spoiled by loop corrections which can be linked to the observational fact that the inflationary perturbations are small, as is visible in (4.1) and the discussion leading to it. As our calculation verified, this is true also in the Palatini formulation of gravity. However, we wish to highlight an often overlooked fact, at least perhaps in the context of Higgs inflation studies, which is that the minimally coupled form of the action will be spoiled by quantum corrections. This in fact is the dominant loop correction, which necessitates one to include background curvature in the field theory calculation. The effect is visible already at the one loop level, but becomes even more apparent in the renormalisation group approach, which was shown to lead in a well-defined effective field theory sense to a non-zero beta function for ξ E , i.e. the non-minimal coupling generated in the Einstein frame. As expected this is equally true both in the metric and Palatini formulations of gravity, but the beta functions for ξ E were interestingly discovered to differ between the two approaches. However, they turn out to be identical in magnitude during inflation. One may of course perform an additional Weyl scaling to remove non-minimal terms generated via the one loop quantum corrections, but upon calculating further corrections the same procedure should then be repeated order by order to maintain a strictly minimally coupled form of the theory. The Einstein frame therefore depends on the order of perturbation theory.
Our study can be straightforwardly extended by the inclusion of additional matter fields or by considering more general modified gravity theories. Interaction between matter and the inflaton field may also generate significant contributions to the effective potential. Furthermore, unlike for scalars or gauge bosons, the fermionic kinetic terms depend on the connection and will thus contribute to the equation of motion for the connection. Thus models with fermions introduce new subtleties when the connection is promoted to be an independent dynamical variable, as is the case in the Palatini formulation. Similar features may be observed in modified gravitational theories such as f (R) gravity, in which case the metric and Palatini formulation can differ significantly already at tree level [78] . It would be interesting to see their detailed effect on models of inflation.
